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Abstract
Recall that Federer-Fleming defined the notion of flat convergence of submanifolds of
Euclidean space to solve the Plateau problem. Here we prove the upper semicontinuity of
Neumann eigenvalues of the submanifolds when they converge in the flat sense without losing
volume. With an additional condition on the boundaries of the submanifolds we prove the
Dirichlet eigenvalues are semicontinuous as well. We show this additional boundary condition
is necessary as well as the condition that the volumes converge to the volume of the limit
submanifold. As an application of our theorems we see that the Dirichlet and Neumann
eigenvalues of a sequence of surfaces with a common smooth boundary curve approaching
the solution to the Plateau problem are upper semicontinuous. This work is built upon
Fukaya’s study of the metric measure convergence of Riemannian manifolds. One may recall
that Cheeger-Colding proved continuity of the eigenvalues when manifolds with uniform lower
Ricci curvature bounds converge in the metric measure sense. While they obtain continuity,
here, we produce an example demonstrating that continuity is impossible to obtain with our
weaker hypothesis.
What happens to the eigenvalues of the Laplace operator on manifolds when the manifolds
converge? In case the manifolds in the sequence have uniformly bounded sectional curvatures and
converge in the topology of metric measure spaces, Fukaya [8] shows that the eigenvalues of the
Laplacian converge to the eigenvalues of a self-adjoint, positive operator on the limit space. In
the same paper, Fukaya already conjectures that it should be possible to obtain the same result if
it is only known that the Ricci curvature is bounded from below.
In the third of a series of papers, Cheeger and Colding [3] give a positive answer to the
conjecture. They show how you can define a Laplace operator on the limit space and that the
eigenvalues of Laplace operators on the manifolds in the sequence converge.
Sometimes it is useful to consider a topology different from the one of metric measure spaces.
For instance, the intrinsic flat convergence introduced by Sormani andWenger [13] has been applied
by Lee and Sormani [9] to show a version of stability of the Schoen-Yau Positive Mass Theorem
[12]. The idea is that manifolds induce currents on the underlying metric space. The intrinsic flat
distance between those currents is calculated by taking the infimum of the flat distances between
the push forwards of the currents under all possible isometries into all possible common metric
spaces. One of the advantages of considering the induced currents, is that the notion of boundary
is retained.
We will look at the related question for flat convergence of currents in Euclidean space, as
introduced by Federer and Fleming [7]. We wonder what happens to the eigenvalues of the
Laplace operator on the manifolds when the induced currents converge in the flat distance to a
limit current. As we do not assume any bounds on the curvature of the manifolds, we cannot
expect that the eigenvalues will be continuous (c.f. [8] and Example 2). As Fukaya [8] shows in
the case of metric measure convergence, with a suitable definition of the eigenvalues on the limit
spaces, they do exhibit semicontinuity. We obtain the following analogous theorem in case of flat
convergence of the induced currents.
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Theorem 1. LetMi (i = 1, 2, . . . ) andM be smooth, oriented, compact Riemannian submanifolds
of Euclidean space with (possibly empty) boundary, such that the currents induced by Mi as i→∞
converge in the flat sense to the current induced by M . Moreover, assume that Vol(Mi)→ Vol(M).
Then
lim sup
i→∞
λk(Mi) ≤ λk(M), (1)
where λk is the kth eigenvalue of the (positive) Laplace(-Beltrami) operator on the manifold with
Neumann boundary condition.
The eigenvalues for the Dirichlet problem are also upper semicontinuous, as long as the bound-
aries satisfy a one-sided Hausdorff convergence, as stated precisely in the following theorem. We
will show in Example 3 that we cannot just remove this condition on convergence of the boundaries.
Theorem 2. LetMi (i = 1, 2, . . . ) andM be smooth, oriented, compact Riemannian submanifolds
of Euclidean space with boundary, such that Vol(Mi) → Vol(M) and the currents induced by Mi
as i → ∞ converge in the flat sense to the current induced by M . Moreover, assume that for
every ǫ > 0, the boundaries ∂Mi are eventually contained in the tubular ǫ-neighborhood (∂M)ǫ of
∂M . Then, with λˆk denoting the kth eigenvalue of the Laplace operator with Dirichlet boundary
condition,
lim sup
i→∞
λˆk(Mi) ≤ λˆk(M). (2)
Both theorems follow directly from the more general Theorems 3 and 4. These theorems prove
semicontinuity of functions λk defined on currents, that reduce to the eigenvalues of the Laplace
operator if the currents are induced by manifolds. In order to get the semicontinuity, we assume
that the currents converge weakly and the total mass of the currents does not drop in the limit.
The following corollary provides an example application.
Corollary 1. Suppose C is an oriented closed curve in R3 that has a unique smooth area-
minimizing surface M with ∂M = C. If Mj are submanifolds with the same boundary whose
area converge to the area of M , and all of the Mj are contained in a ball of radius R > 0 around
the origin, then the limsup of the Dirichlet and Neumann eigenvalues of Mj are less than or equal
to the corresponding Dirichlet and Neumann eigenvalues of M respectively.
The existence of a smooth minimal surface follows directly from the theory of currents and
the regularity theory for minimal currents. By the Federer-Fleming Compactness Theorem, every
subsequence has yet another subsequence that converges in the flat sense. Because we assume
uniqueness of the minimal surface, the limit of all these subsequences is the same, and the Mj
actually converge in the flat distance to the minimal surface.
We will recall some properties of currents, and clarify our notation in Section 1. Section 2
introduces the eigenvalue functions λk on currents and shows how they correspond to eigenvalues
when the currents are induced by smooth manifolds. In Section 3 we will show the semicontinuity
of the functions λk under weak convergence. Section 4 has an example showing the necessity of the
assumption on the convergence of volumes, an example demonstrating that the eigenvalues are in
general not continuous under flat convergence, and an example which shows that the assumption
of the convergence of the boundaries is necessary in order to get semicontinuity of the eigenvalues
for the Dirichlet problem.
In future work, we hope to show the upper semicontinuity of the eigenvalues under intrinsic
flat convergence.
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1 Some preliminary properties of currents
We would first like to recall some properties of currents in Euclidean space. We refer to [10] and
[6] for details.
An n-current T on RN (n ≤ N) is a functional on the space Dn of smooth differential n-forms
on RN . We will write En for the space of n-currents. To T ∈ En we associate a set function ‖T ‖,
initially defined only on open sets O by
‖T ‖(O) = sup{T (φ) |φ ∈ Dn, ‖φ‖ ≤ 1, supp(φ) ⊂ O}. (3)
Here, for an n-covector φ ∈ ∧nRN , ‖φ‖ represents the comass,
‖φ‖ = sup{〈ξ, φ〉 | ξ ∈ ∧nRN , ξ simple , |ξ| ≤ 1}, (4)
and |ξ| is the Euclidean norm of the simple vector ξ. If ‖T ‖(RN) < ∞, we say that T has finite
mass. We will assume this condition is satisfied throughout the paper. Then ‖T ‖ extends to a
Radon measure on RN , for which we will use the same notation and which we refer to as the mass
of T , see for instance [6, 4.1.7].
The mass is lower semicontinuous, in that for any open set O ⊂ RN , and Ti ⇀ T weakly,
‖T ‖(O) ≤ lim inf
i→∞
‖Ti‖(O). (5)
If an n-current T has finite mass, it is representable by integration. That means that there
exists a weakly ‖T ‖-measurable function ξ : RN → ∧nRN , such that for ‖T ‖-almost every x ∈ RN ,
ξ(x) is a simple vector with |ξ(x)| = 1, and for all φ ∈ Dn,
T (φ) =
∫
〈φ, ξ〉 d‖T ‖. (6)
If both the mass of a current and the mass of its boundary are finite, the current is called normal.
The boundary ∂T of an n-current T is an (n− 1)-current defined by
∂T (ω) = T (dω), for all ω ∈ Dn−1. (7)
We say an n-current is rectifiable if ‖T ‖ is supported on a countably n-rectifiable set A, and
‖T ‖ is absolutely continuous with respect to HnxA. In that case there exists a positive function
θ on A such that
T (φ) =
∫
A
〈φ, ξ〉θ dHn. (8)
The current T is called an integral rectifiable current if θ takes on integer values Hn-almost
everywhere.
The flat distance dF between two n-currents S and T is given by
dF (S, T ) := inf{‖U‖(RN) + ‖V ‖(RN ) |S − T = U + ∂V, U ∈ En, V ∈ En+1}. (9)
If currents converge in the flat distance, they converge weakly.
By the set set(T ) of an n-current T , we mean the set of positive lower density, that is the set
where
Θ∗n(‖T ‖, x) := lim inf
r→0
‖T ‖(B(x, r))
rn
(10)
is positive. The set set(T ) of an integral rectifiable n-current T is the minimal possible choice of
A in the representation (8).
Every n-dimensional, orientable submanifold M in Euclidean space with finite volume induces
an integer rectifiable n-current [|M |] on the space, by
[|M |](ω) =
∫
M
ω, ω ∈ Dn. (11)
The notion of the boundary of a current and the boundary of a manifold correspond well with
each other, in that for a smooth manifold M with boundary ∂M ,
[|∂M |] = ∂[|M |]. (12)
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2 Definition of eigenvalue functions
The (positive) Laplace(-Beltrami) operator on a smooth manifold is an unbounded, self-adjoint
operator and the spectral theorem applies. We wonder what happens to the spectrum when a
sequence of manifolds converges. The notion of convergence that we are considering in this paper,
is the one where the induced currents converge weakly to a limit current. The underlying set of
the limit current is not necessarily a manifold anymore, but with the right conditions, it will still
be rectifiable.
For sets that are just rectifiable, it is not so clear what would be the definition of the Laplacian.
If we would know additionally that the sets have a doubling condition and some sort of Poincare´
inequality, such a definition is possible (c.f. [2, 3]).
In this paper, we would like to follow the approach by Fukaya [8], in which the eigenvalues
are replaced by functions on the weaker space (in this case, the space of currents), that coincide
with the eigenvalues when the elements in the weaker space actually come from manifolds. The
definition is related to the min-max principle (c.f. [11]).
For k ∈ N, we define the functions λk on the space of n-currents on RN with finite, compactly
supported mass as follows: if S is such a current, then
λk(S) = inf
Λk⊂C∞(RN )
sup
f∈Λk\{0}
∫ |∇f |2 d‖S‖∫ |f |2 d‖S‖ , (13)
where the infimum is over all k-dimensional subspaces Λk of C∞(RN ) and by convention∫ |∇f |2 d‖S‖∫ |f |2 d‖S‖ =∞ (14)
when f is zero ‖S‖-almost everywhere.
Fukaya [8, (8.1)] similarly defines functions λk on pairs (X,µ) where µ is a Borel measure on
some Riemannian manifold L, whose support is contained in the subspace X ⊂ L. In fact, his
definition does not really depend on X and could instead be seen as a definition of functions λk
on measures on L. If we take L = RN , X = M and the measure µ = ‖S‖, then our definition
corresponds exactly with Fukaya’s.
Besides associating a current, one can also associate a metric measure space (M,µM ) to a Rie-
mannian manifoldM : the metric space would be the one induced byM , and µM = VolM/Vol(M),
where VolM is the volume element ofM . The measures µM and ‖[|M |]‖ differ by a positive factor
and therefore λk(µM ) according to Fukaya’s definition, and λk([|M |]) as defined above are the
same.
Similarly, we define functions λˆk on normal integer rectifiable n-currents S, for which the mass
and the mass of the boundary are compactly supported, by
λˆk(S) := inf
Λk⊂C∞
c
(RN\set ∂S)
sup
f∈Λk\{0}
∫ |∇f |2 dµ∫ |f |2 dµ , (15)
where Λk are k-dimensional subspaces of C∞c (R
N\set ∂S).
The following three Lemmas are all in the same spirit. They say that in certain cases in which
the currents are induced by manifolds, the values of the λk coincide with the eigenvalues of the
Laplace operator on the manifolds. The first Lemma was stated but not proved by Fukaya in
[8, Lemma 8.3], since the paper contained a proof of another Lemma that was similar but more
difficult. We give a proof in this simpler case.
Lemma 1. If M is a compact, smooth Riemannian submanifold of RN without boundary, then
λk([|M |]) corresponds to the kth eigenvalue of the Laplace-Beltrami operator on M .
Proof. For notational convenience, set S := [|M |]. Let γk (k = 1, 2, . . . ) denote the eigenvalues of
the Laplace-Beltrami operator on M . By the min-max principle,
γk = inf
Γk⊂C∞(M)
sup
g∈Γk\{0}
∫ |∇Mg|2 dVolM∫ |g|2 dVolM , (16)
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where the inf is over all k-dimensional subspaces of C∞(M) and ∇M is the intrinsic gradient on
the manifold.
Fix δ > 0. By (13) we can find a k-dimensional subspace Λk of C∞(RN ) such that
sup
f∈Λk\{0}
∫ |∇f |2 d‖S‖∫ |f |2 d‖S‖ < λk(S) + δ. (17)
Define
Γk := {g ∈ C∞(M) | g = f |M , f ∈ Λk}. (18)
Then Γk is a linear subspace of C∞(M). It is k-dimensional, because of the convention (14).
Indeed, if f1, . . . , fk form a basis of Λ
k, then gi := fi|M (i = 1, . . . , k) span Γk. Now let α1, . . . , αk ∈
R be such that
α1g1 + · · ·+ αkgk ≡ 0.
If we take f := α1f1 + · · ·+ αkfk, we see that (14) and (17) imply that f ≡ 0. Hence α1 = · · · =
αk = 0, and the gi are independent for i = 1, . . . , k.
Since M is a compact, smooth manifold, there exists an ǫ > 0 such that in the tubular
neighborhood Mǫ ⊂ RN of M of size ǫ, the shortest distance projection P : Mǫ → M onto
the manifold is well-defined and smooth. On M , the map dP : TMǫ → TM is the orthogonal
projection onto the tangent space to M and ∇M (f |M ) = dP (∇f). We find |∇M (f |M )| ≤ |∇f |.
Since also VolM = ‖S‖,
sup
g∈Γk\{0}
∫ |∇Mg|2 dVolM∫ |g|2 dVolM ≤ supf∈Λk\{0}
∫ |∇f |2 d‖S‖∫ |f |2 d‖S‖ < λk(S) + δ. (19)
By (16), we find γk < λk(S) + δ and since δ > 0 was arbitrary,
γk ≤ λk(S). (20)
Now let us prove the other inequality. If we write φk for the kth eigenfunction of the Laplace-
Beltrami operator, and Γ˜k := span{φ1, . . . , φk}, it holds that
γk = sup
g∈Γ˜k\{0}
∫ |∇Mg|2 dVolM∫ |g|2 dVolM =
∫ |∇Mφk|2 dVolM∫ |φk|2 dVolM . (21)
Let ρ : R→ [0,∞) be a smooth, even function, nonincreasing on the positive halfline such that
ρ(x) =
{
1, |x| ≤ 12 ,
0, |x| ≥ 1. (22)
Define ψk ∈ C∞(RN ) by
ψk(x) =
{
φk(P (x))ρ(d(x,M)/ǫ), x ∈Mǫ,
0, x ∈ RN\Mǫ,
(23)
where d(x,M) denotes the distance from x to M . This definition implies that on M , φk = ψk
and ∇Mφk = ∇ψk. Let Λ˜k := span{ψ1, . . . , ψk}. Since the functions ψi are independent when
restricted to M , they are certainly independent as functions on RN . It follows that Λ˜k is k-
dimensional. Consequently,
sup
f∈Λ˜k\{0}
∫ |∇f |2d‖S‖∫ |f |2d‖S‖ ≤ supg∈Γ˜k\{0}
∫ |∇Mg|2dVolM∫ |g|2dVolM = γk. (24)
Hence, λk(S) = γk.
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A similar statement holds for the Neumann eigenvalues in case the manifold has boundary.
Lemma 2. If M is a smooth submanifold of RN with boundary and M¯ is compact, then λk([|M |])
equals the kth eigenvalue of the Laplace-Beltrami operator with Neumann boundary conditions.
Proof. The first part of the proof is exactly the same as in Lemma 1, as (c.f. [4, Chapter 7]) also
for the kth eigenvalue of the Laplace operator with Neumann boundary conditions, γk,
γk = inf
Λk⊂C∞(M¯)
sup
g∈Λk\{0}
∫ |∇Mg|2 dVolM∫ |g|2 dVolM . (25)
The same arguments as in Lemma 1 show that γk ≤ λk.
For the second part, M can be embedded into a smooth n-dimensional submanifold of RN
without boundary, M˜ . By regularity theory, the eigenfunctions φk of the Laplace operator with
Neumann boundary conditions can be extended to functions in C∞c (M˜), for which we use the same
notation. There is a tubular neighborhood U of M such that the shortest distance projection P
onto M˜ is well-defined and smooth in U . By choosing ǫ small enough, the function
ψk(x) =
{
φk(P (x))ρ(d(x, P )/ǫ), x ∈ U,
0, otherwise,
(26)
with ρ as in the proof of Lemma 1, is in C∞(RN ). Moreover, on M the function values and the
gradient correspond to those of φk. Hence λk = γk.
Finally, we have an analogous statement for the Dirichlet eigenvalue problem.
Lemma 3. If M is a smooth submanifold of RN with smooth boundary and M¯ is compact, then
λˆk([|M |]) equals the kth eigenvalue of the Dirichlet eigenvalue problem for the Laplacian on M .
Proof. For the kth eigenvalue of M (c.f. [4, Chapter 6]),
γk = inf
Γk⊂C∞
c
(M)
sup
g∈Γk\{0}
∫ |∇Mg|2 dVolM∫ |g|2 dVolM . (27)
We can therefore apply the same arguments as in Lemma 1 to show that γk ≤ λˆk(S).
For the opposite inequality, let δ > 0 and let Γ˜k ⊂ C∞c (RN\set (∂S)) such that
sup
g∈Γ˜k\{0}
∫ |∇Mg|2 dVolM∫ |g|2 dVolM < γk + δ. (28)
Let {g1, . . . , gk} be an orthogonal basis of Γ˜k with respect to the L2 inner product on M . Every
gi is compactly supported. There exists a neighborhood U of the support of gi in R
N on which
the shortest-distance projection onto M is well defined and smooth. We can then pick ǫ > 0 so
small that definining fi by
fi(x) :=
{
gi(P (x))ρ(d(x,M)/ǫ), x ∈ U,
0 otherwise ,
(29)
with again ρ as in Lemma 1, it is guaranteed that fi ∈ C∞(RN\set ∂S). On M , fi ≡ gi and
∇Mgi = ∇fi. Thus, if we define Λ˜k := span{f1, . . . , fk}, then
λˆk(S) ≤ sup
f∈Λ˜k\{0}
∫ |∇f |2 dVolM∫ |f |2 dVolM = supg∈Γ˜k\{0}
∫ |∇Mg|2 dVolM∫ |g|2 dVolM < γk + δ. (30)
Because δ > 0 was arbitrary, we find λk = γk.
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3 Upper semicontinuity
We will now show that under a certain condition on the currents that effectively prohibits cancel-
lation of mass in the limit, the eigenvalues of the Laplace operator are upper semicontinuous.
Theorem 3. Let Ti (i = 1, 2, . . . ) and T be compactly supported n-currents in R
N with finite
mass and let Ti ⇀ T weakly and ‖Ti‖(RN )→ ‖T ‖(RN). Then the functions λk as defined in (13)
are upper semicontinuous. That is, for every k ∈ N,
lim sup
i→∞
λk(Ti) ≤ λk(T ). (31)
We will use the following lemma, which shows weak convergence for the mass measures asso-
ciated to the currents.
Lemma 4. Assume that Ti (i = 1, 2, . . . ) and T are n-currents on R
N with Ti ⇀ T weakly and
‖Ti‖(RN)→ ‖T ‖(RN). Then for all φ ∈ Cc(RN ),
lim
i→∞
∫
φd‖Ti‖ =
∫
φd‖T ‖. (32)
The statement of the lemma is slightly nonstandard, but the conclusion follows directly from
the lower semicontinuity of the mass and the convergence of the total mass (c.f. [5, Section 1.9]).
For completeness of exposition we include a different proof at the end of this section.
With the lemma at hand, we can prove Theorem 3.
Proof of Theorem 3. Let δ > 0. By the definition of λk in (13), we can fix a subspace Λ
k ⊂
C∞(RN ) such that
sup
f∈Λk\{0}
∫ |∇f |2 d‖T ‖∫ |f |2 d‖T ‖ ≤ λk(T ) + δ. (33)
In fact, we may assume that Λk ⊂ C∞c (RN ), since T is assumed to have compact support. By
Lemma 4, we have for i large enough
sup
f∈Λk\{0}
∫ |∇f |2 d‖Ti‖∫ |f |2 d‖Ti‖ ≤ supf∈Λk\{0}
∫ |∇f |2 d‖T ‖∫ |f |2 d‖T ‖ + δ. (34)
Therefore, for i large enough,
λk(Ti) ≤ λk(T ) + 2δ, (35)
and
lim sup
i→∞
λk(Ti) ≤ λk(T ) + 2δ. (36)
The theorem follows by taking δ ↓ 0.
Theorem 4. Let Ti (i = 1, 2, . . . ) and T be normal n-currents in R
N . As in the previous theorem,
assume that Ti ⇀ T weakly and ‖Ti‖(RN) → ‖T ‖(RN). Additionally, we assume that for every
ǫ > 0, eventually set (∂Ti) ⊂ (set (∂T ))ǫ. Then
lim sup
i→∞
λˆk(Ti) ≤ λˆk(T ). (37)
Proof. We note that we can choose Λk ⊂ C∞c (RN\set ∂T ) such that
sup
f∈Λk\{0}
∫ |∇f |2 d‖T ‖∫ |f |2 d‖T ‖ ≤ λˆk(T ) + δ. (38)
By the hypothesis and the fact that the collection of f ∈ Λk is compact to a scaling factor, there
is an ǫ > 0 such that for all f ∈ Λk,
(set ∂T )ǫ ∩ suppf = ∅. (39)
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Because of our assumption on set ∂Ti, for i large enough
set ∂Ti ⊂ (set ∂T )ǫ/2, (40)
so Λk is also a k-dimensional subspace of C∞c (R
N\set (∂Ti)) for i large enough. The remainder of
the proof is the same as above.
Since the functions λk correspond to the eigenvalues of the Laplace operator when the currents
are induced by smooth manifolds, and flat convergence implies weak convergence, we immediately
obtain Theorems 1 and 2 in the introduction.
We will conclude this section with a proof of Lemma 4. We prove the lemma by decomposing
R
N into some well-chosen collection of small-enough cubes Q so that actually limi→∞ ‖Ti‖(Q) =
‖T ‖(Q).
Proof of Lemma 4. Let ǫ > 0. Since φ is uniformly continuous, we can pick δ > 0 so small that if
|x− y| < 2√Nδ, then |φ(x) − φ(y)| < ǫ.
We pick a ∈ [0, δ)N such that ‖T ‖(G) = 0, where
G := {x ∈ RN |xm ∈ am + δZ for some m = 1, . . . , N}. (41)
We can find such an a because for every m = 1, . . . , N , there are only countably many t ∈ R such
that
‖T ‖({x ∈ RN |xm = t}) > 0. (42)
For b ∈ ZN let Qb denote the cube
Qb := {x ∈ RN | δb1 < x1 − a1 < δ(b1 + 1), . . . , δbN < xN − aN < δ(bN + 1)}. (43)
Set
O :=
⋃
b∈ZN
Qb = RN\G. (44)
Since O is open, by the lower-semicontinuity of the mass,
lim inf
i→∞
‖Ti‖(O) ≥ ‖T ‖(O). (45)
Our choice of a guarantees that ‖T ‖(G) = 0. By our assumption of convergence of the total mass
of the space,
lim sup
i→∞
‖Ti‖(O) ≤ lim
i→∞
‖Ti‖(RN ) = ‖T ‖(RN) = ‖T ‖(O). (46)
So limi→∞ ‖Ti‖(O) = ‖T ‖(O) and limi→∞ ‖Ti‖(G) = 0. It immediately follows that
lim
i→∞
‖Ti‖(Qb) = ‖T ‖(Qb), (47)
for any b ∈ ZN .
Hence,∫
φd‖Ti‖ −
∫
φd‖T ‖ =
∑
b∈ZN
(∫
Qb
φd‖Ti‖ −
∫
Qb
φd‖T ‖
)
+
∫
G
φd‖Ti‖
=
∑
b∈ZN
(
φ(xb)‖Ti‖(Qb)− φ(yb)‖T ‖(Qb)
)
+
∫
G
φd‖Ti‖
(48)
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by the mean value theorem, for some xb and yb in Qb. Consequently,∣∣∣∣
∫
φd‖Ti‖ −
∫
φd‖T ‖
∣∣∣∣ ≤ ∑
b∈ZN
∣∣φ(xb)− φ(yb)∣∣ ‖Ti‖(Qb)
+
∑
b∈ZN
|φ(yb)| ∣∣‖Ti‖(Qb)− ‖T ‖(Qb)∣∣
+ sup |φ|‖Ti‖(G)
≤ ǫ‖Ti‖(O) +
∑
b∈ZN
sup
y∈Qb
|φ(y)| ∣∣‖Ti‖(Qb)− ‖T ‖(Qb)∣∣ + sup |φ|‖Ti‖(G).
(49)
Since φ is compactly supported, only finitely many terms contribute to the sum. Hence,
lim sup
i→∞
∣∣∣∣
∫
φd‖Ti‖ −
∫
φd‖T ‖
∣∣∣∣ ≤ ǫ‖T ‖(O). (50)
Since ǫ was arbitrary, the lemma is proved.
4 Examples
The following example shows that if we lift the condition that ‖Ti‖(RN ) → ‖T ‖(RN), the lower
semicontinuity fails in general.
Example 1. Consider first for ǫ > 0 the functions xǫ : [0, 4]→ R2 given by
x¯ǫ(t) =


(
cos 2π(t+ǫ)1+2ǫ − 3, sin 2π(t+ǫ)1+2ǫ
)
, t ∈ [0, 1],(
(2 − t)
(
cos 2π(1+ǫ)1+2ǫ − 3
)
+ (t− 1)
(
3− cos 2πǫ1+2ǫ
)
,− sin 2πǫ1+2ǫ
)
, t ∈ [1, 2],(
3− cos 2π(t−2+ǫ)1+2ǫ ,− sin 2π(t−2+ǫ)1+2ǫ
)
, t ∈ [2, 3],(
(4 − t)
(
3− cos 2π(1+ǫ)1+2ǫ
)
+ (t− 3)
(
cos 2πǫ1+2ǫ − 3
)
, sin 2πǫ1+2ǫ
)
, t ∈ [3, 4].
(51)
We sketched the image of x¯ǫ in Figure 1. Since these functions are not smooth, we consider instead
the functions xǫ = x¯ǫ ∗ ρǫ2 , where ρǫ2 = ǫ−2ρ(x/ǫ2), and ρ ∈ C∞c (R) is a standard, symmetric
mollifier. For fixed ǫ > 0, the functions xǫ parametrize a smooth one-dimensional Riemannian
manifold Mǫ in R
2, with the orientation induced by the parametrization, and therefore they induce
currents Tǫ = [|Mǫ|].
-4 -2 2 4
-1.0
-0.5
0.5
1.0
Figure 1: Image of x¯ǫ, as defined in (51), with ǫ = 0.02
As ǫ ↓ 0, Tǫ ⇀ T weakly as currents, where T is the sum of a current induced by a unit
circle centered at (−3, 0), and a current induced by a unit circle centered at (3, 0), both with
counterclockwise orientation.
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The eigenvalues of the Laplace operator on a compact one-dimensional manifold parametrized
by a smooth Jordan curve are −(2π⌊k/2⌋/L)2, for k = 1, 2, where L is the total arclength of the
Jordan curve.
If a Riemannian manifold M can be divided into two disjoint components M1 and M2, the
eigenvalues of M are the eigenvalues of M1 together with the eigenvalues of M2, where eigenvalues
are repeated according to multiplicity.
Going back to our example, this implies that
λk(Tǫ) =
(
2π⌊k/2⌋
Lǫ
)2
, k = 1, 2, . . . , (52)
with Lǫ the total length of Mǫ, and
λk(T ) =
(
2π⌊(k + 1)/4⌋
2π
)2
, k = 1, 2, . . . . (53)
In particular, with Lemma 1, because Lǫ is uniformly bounded above,
lim sup
ǫ↓0
λ2(Tǫ) > 0 = λ2(T ), (54)
showing that in this case, the function λ2 is not upper semicontinuous.
The next example shows that without further assumptions, we cannot expect the eigenvalues
of the Laplace operator on the manifolds to behave continuously under flat convergence of the
induced currents.
Example 2. If we revolve the parametric curve of xǫ(t), t ∈ [1/2, 5/2] around the x-axis, we
obtain two-dimensional manifolds Nǫ whose induced currents Sǫ provide an example that shows
that in general, we cannot expect continuity of the eigenvalues. Beale [1] and Fukaya [8] studied
similar examples. Their results imply that
lim
ǫ↓0
λ3(Sǫ) =
(π
4
)2
, (55)
the negative of the first eigenvalue of the Laplace operator on [−2, 2] with Dirichlet boundary
conditions. Note that Sǫ ⇀ S weakly, where S is the current induced by two unit spheres, one
centered at (−3, 0, 0) and one centered at (3, 0, 0). Consequently,
λ3(S) = 2 >
(π
4
)2
= lim
ǫ↓0
λ3(Sǫ). (56)
The idea is that on Sǫ, the first eigenvalue will be zero, associated with a constant eigenfunction.
When ǫ gets small, the second eigenvalue will be close to zero as well, and the eigenfunction
will be almost constant on the two spheres, with a transition region in between. Finally, the third
eigenfunction will be approximately equal to cos(πx/4)/
√
ǫ on the tube, and zero on the two spheres.
We now consider an example in which currents induced by some Riemannian manifolds with
boundary converge, but the associated Dirichlet problems do not.
Example 3. We consider manifolds Mi ⊂ R2,
Mi := [0, 1]
2 −
⋃
x∈2−iZ2
B(x,R0(i)), (57)
with R0 : N → R+ a function that we will choose later. In Figure 2 we sketched M2. As we show
below, we can choose R0(i) such that the eigenvalues for the Laplace operator on Mi blow up to
∞, but as currents, [|Mi|]⇀ [|M |] weakly with M = [0, 1]2. Consequently, in this case there is no
upper semicontinuity of the eigenvalues of the Laplace operator.
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Figure 2: Image of Mi as defined in (57), with i = 2.
R0
L
Figure 3: Image of ΩL as defined in (58).
We are going to derive a Poincare´ inequality on a certain specific domain ΩL = (0, L)
2\B(0, R0),
see Figure 3. We choose polar coordinates (r, φ) in R2. The function b(r) below is such that
ΩL = {(r cosφ, r sinφ) | r ∈ (0, L), φ ∈ (b(r), π/2 − b(r))}, (58)
that is,
b(r) :=
{
0, 0 < r ≤ L,
arccos Lr , L < r <
√
2L.
(59)
Let u ∈ C∞(R2), be such that u vanishes in a neighborhood of the circular arc in ∂ΩL. Using the
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fundamental theorem of calculus, we find
∫
ΩL
|u|2 =
∫ √2L
R0
∫ π/2−b(r)
b(r)
|u|2 dφ r dr
=
∫ √2L
R0
∫ π/2−b(r)
b(r)
∣∣∣∣
∫ r
R0
∂u
∂r
(s, φ) ds
∣∣∣∣
2
dφ r dr
≤
∫ √2L
R0
∫ π/2−b(r)
b(r)
(r −R0)
∫ r
R0
|∇u|2(s, φ)s
s
ds dφ r dr
≤ 1
R0
∫ √2L
R0
∫ r
R0
∫ π/2−b(r)
b(r)
|∇u|2(s, φ)s dφ ds(r −R0)r dr
≤ 1
R0
∫ √2L
R0
∫ √2L
R0
∫ π/2−b(s)
b(s)
|∇u|2(s, φ)s dφ ds(r −R0)r dr
≤ 2
√
2L3
3R0
∫
ΩL
|∇u|2.
(60)
Now, let f ∈ C∞(R2) such that f vanishes on ∂Mi. When we subdivide Mi in scalings and
rotations of ΩL, apply the above Poincare´ inequality and sum over all contributions, we get∫
Mi
|f |2 ≤ 2
−3i
R0(i)
∫
Mi
|∇f |2. (61)
Therefore,
λ1 ≥
∫
Mi
|∇f |2∫
Mi
|f |2 ≥ 2
3iR0(i). (62)
If we choose for instance R0(i) = 2
−5i/2, the eigenvalues of Mi diverge to ∞, while Mi converges
to a solid square in the flat sense.
References
[1] J. Thomas Beale. Scattering frequencies of resonators. Communications on Pure and Applied
Mathematics, 26(4):549563, 1973.
[2] J. Cheeger. Differentiability of lipschitz functions on metric measure spaces. Geometric And
Functional Analysis, 9(3):428–517, 1999.
[3] Jeff Cheeger and Tobias H. Colding. On the structure of spaces with ricci curvature bounded
below. III. Journal of Differential Geometry, 54(1):3774, 2000.
[4] E. Brian Davies. Spectral Theory and Differential Operators. Cambridge University Press,
October 1996.
[5] L. C. Evans and R. F. Gariepy. Measure theory and fine properties of functions. CRC, 1991.
[6] H. Federer. Geometric measure theory. Springer (Berlin and New York), 1996.
[7] H. Federer and W. H. Fleming. Normal and integral currents. The Annals of Mathematics,
72(3):458520, 1960.
[8] Kenji Fukaya. Collapsing of riemannian manifolds and eigenvalues of laplace operator. In-
ventiones Mathematicae, 87(3):517–547, 1987.
[9] Dan A. Lee and Christina Sormani. Stability of the positive mass theorem for rotationally
symmetric riemannian manifolds. arXiv:1104.2657, April 2011. To appear in Crelle’s Journal.
12
[10] F. Lin and X. Yang. Geometric measure theory: an introduction. Science Press, 2002.
[11] M. Reed and B. Simon. Analysis of Operators, Vol. IV of Methods of Modern Mathematical
Physics. New York, Academic Press, 1978.
[12] R. Schoen and S. T. Yau. On the proof of the positive mass conjecture in general relativity.
Communications in Mathematical Physics, 65(1):4576, 1979.
[13] Christina Sormani and Stefan Wenger. The intrinsic flat distance between riemannian man-
ifolds and other integral current spaces. Journal of Differential Geometry, 87(1):117–199,
January 2011.
13
